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A Two Warehouse Inventory Model for
Deteriorating Items with Cubic Demand,
Quadratic Holding Cost and Variable Backlogging
Rate

Purabi Deb Choudhury, Parag Dutta

Abstract: This paper dealswith a two warehouse inventory model
for decaying itemsin which demand is taken to be cubic function
of time, holding cost is assumed to be quadratic function of time,
backlogging rate is variable and depends on the length of the
waiting time for next replenishment. Shortages are allowed in the
owned warehouse. Holding cost in rented warehouse is higher
than that of own warehouse. Finally the model is solved
mathematically and profit maximization technique is used to
illustrate the system.
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[ INTRODUCTION

In the present competitive market situation, mafiythe
inventory models are formulated with the assumptioat
all produced items are of good quality. But itngpossible
for the production company to produce all the ggodlity
products as there always remains some defectinesitén
reality there are so many physical goods which rdette
during the stock in periods due to different fastdike
dryness, damage, spoilage and vaporization. De#tion
means worsening of products. It is a natural phesmam in
our daily life. Products like vegetables, milk, destic
goods, fashion goods; electronic components etc

deteriorating items. So this deteriorating mustbesidered

Bhunia and Maiti (1994) discussed the same moddl an
graphically presented the sensitivity analyseshenaptimal
average cost and the cycle length for the variation the
location and shape parameters of demand. The sgraet
model was developed by, Kar et al. (2001), Zhou dadg
(2003) and Mondal et al. (2007) for different typet
demand. Donaldson (1977) developed an optimakitgo
for solving classical no shortage inventory modgahrma
(1987) developed a two-warehouse inventory modéh wi
infinite  replenishment and completely backlogged
shortages. Dave (1989) proposed a deterministicsilod
inventory model with shortages and a linear trend i
demand. Goswami and Chaudhuri (1991) discussed
different types of inventory models with linear ndein
demand. Pakkala and Achary (1992) then extendene8sir
(1987) model for finite replenishment rate. All theodels
in Sarma (1987) and Pakkala and Achary (1992) were
developed for prescribed scheduling period (cyelegth),
uniform demand and stocks of RW transferred to QW i
continuous release fashion ignoring the transportatost
for this purpose. Benkherouf (1997) presented a-two
warehouse model for deteriorating items with theegal
afgrm of time dependent demand under continuousasele
fashion. Bhunia and Maiti (1997) discussed the s&ype

to formulate an inventory model. During the lastotw of problem considering linearly (increasing) timepeéndent
decades, a number of research papers on two-waehowlemand with completely backlogged shortages. Thideh
inventory system have been published by severalas developed for infinite time horizon with thepegition

researchers. Hartely (1976) first proposed thisbi@m in

of entire cycle with the changed value of the |mrat

his book “Operations Research — A Managerial Emighas parameter of the time dependent demand. Recergly, v

In the formulation, the transportation cost fornsterring

few researchers developed this type of model cenisig

the items from RW to OW was not considered. Afteffinite time horizon. All these models mentionedlieawere

Hartely (1976), Sarma (1983) extended the modetutite
assumption that stocks of RW are transferred from te

discussed only for non-deteriorating items. Lee &nal

(2000) developed a no-shortage inventory model for

OW in a bulk release fashion with fixed transpaotatcost perishable items with free form of time dependesnend
per unit. Dave (1988) discussed the two-warehousgnd fixed planning horizon. In their model, someleg are
inventory models for finite and infinite rate of of single warehouse system and the remaining isvof
replenishment rectifying the errors of the modeledeped  warehouse system. Kar et al. (2001) discussed torage
by Sarma (1983) and gave analytical solution ofheacinventory problems for non-perishable items withekr
model. Further, Goswami and Chaudhuri (1992) deedlo trend in demand over a fixed planning horizon odesing

the models with and without shortages for linedilpe
dependent demand. In their formulation, stocks @f Bre
transferred to OW in equal time interval. Corregtiand

lot-size dependent replenishment cost (ordering).c@n
the other hand, considering two-storage faciliti¥sng
(2004) developed two inventory models for detetioa

modifying the assumptions of Goswami and Chaudhuitems with uniform demand rate and completely bagied

(1992),
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shortages under inflation. Recently, Yang (200@geaed
the models introduced in Yang (2004) by incorpogtihe
partially backlogged shortages. In the year 200Wyr@ and
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deteriorating items. However, all these models were
developed based on an impractical assumption that t
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rented warehouse has unlimited capacity.

A deterministic inventory model for deterioratingrs with

two warehouses is developed. Inventory cost ineknt 1
warehouse is higher than that of own warehouse.dbéens

taken cubic (time dependent) in nature, holdingt dgs ™o i=ve!

assumed to be quadratic function depending on time.

1z

1. ASSUMPTIONS AND NOTATIONS "

The following assumptions and notations have beseal in " ©
developing the model: '
1. Replenishment rate is infinite and lead time isstant.

2. Holding cost, demand both depends on time. i i
3. Shortages are allowed and unsatisfied demand in (APProximate Graphical sketch of A two warehouse

backlogged at a ratd+Bx, where A is constant, B is _ inventory model) _
backlogging parameter (positive) and x is the wgiti 1he inventory levels in RW and OW are given by the
time. following differential equations:
4. Inventory cost in rented warehouse is higher thmeat t g
of own warehouse. —l+[3ll— —(atbt+ct+df) | Ot<t;. ... Q)
5. Demand is assumed as,D =a+ bt+ct®+ W|th the condition (t) = 0, at t=t
. aﬁa‘{vhere ¢ b,c,d >0 ) " And Thol=0 LGt e @)
. bot+|ncgt(2:os in own warehouse assumea;is= a; + With the condition (0) =q
i . . The solution of (1) and (2) are
Holding cost in rented warehouse assumed,is= ) 4t1 5 92 36t 60
a, + byt + c,t? whereay, by, ¢1,a,, by, ¢, > 0 — [a+b (&- _) +e(b-—+ o )+d (™ T 'E)]
7. Cs =backlogging cost per u_nit per unit time eB® 0 4 [a+h (t-—) +C (lz_ﬂ +—)+d (t3 36; __)]
8. R =opportunity cost per unit 3
9. T =The length of the replenishment cycle o= ge-ot )
10. t, =time at which the inventory level falls to zero in %™ @)
RW _ _ _
11. t, =time at which the inventory level falls to zero in Again during the time,tts t,, the mventory_leve! in OW
ow decreases due to both demand and deterioration. The
12. RW : Rented warehouse differential equation involved here is:-
. : dlz
13. OW : Own warehouse ol - (atbtrctrdt) | tst<t
14. o : deterioration rate in OW With the condition{ (t) = 0, at t=f
15. B : deterioration rate in RW,< a,8 < 1 Therefore,
16. I,(t) : Inventory level in RW at time t l,=- [a+b (b- l) +C (t22_ M, 6 )+d L322 9%’ 36t __)]
17. L(¢t) : Inventory level in OW at time t e 12 t3 o2 36t
18. I;(t) : The level of negative inventory at time t. +[a+b (t'_) *c (t- + )+d ( '_)]
19. ¢ :The purchase costperunit. e (%)
20. ' : Ordering cost. From (4) and (5) and due to the continuity attist
21.q :capacity of own warehouse lr (ty) = e~ %1 = —[a+b (b- —) +c (b2 28 i )+ (1™
22. p : selling price per unit, where p>C 9t 36t 60 o (trt) 2 4t1
23. Q :The ordering quantity & E )] *lath (& _) *e (b +_)+d (t:>
24. S : The maximum inventory level per cycle. 71 +m—21 ——)] =ge %1 = = %1 — ‘”2) [ath (&- t) +C
4t1 4t 2 .2y, 36 t
(ty —t2-— —) +d (> t,>+ —(tz -1 + 2 (- )] = e —
II. THE MATHEMATICAL MODEL pata= a
The model begins at time t=0.Initially the business q
community purchases a certain amount of item fraanket.  [a+b (ti- t2) +c (i ta?- 4“ 4tZ) +d (t3- 3+ —(tz2 u?) + z(tl t2)]
From which certain amount is used to meet up the%t2=e%1 —
backorder quantities in previous cycle and ‘q’ sindf 4t] o d
products are kept in OW and the remaining amoufRWa ~ [2FP (b t2) +e (- ta2- s 25 +d (b “3:‘“22 ) + (0 )]
During the time interval @<t_1 the inventory level in RW I (e o T BTG 3 s 2 + S o))
decreases due to both demand and deterioration ahd" < -

04

becomes zero at t=t_1.But in OW the inventory legel -------- 6)

decreases during<€<t_1 ,due to deterioration only and Again during, {<t< T, shortage occurs, so inventory level is
duringt_kt<t 2 due to both demand and deterioration. Abacklogged follows the differential equation

time t=t_2, the inventory level in OW reaches tooz& hen

shortages are allowed to occur duringst<d.Our objective

is to find the maximum total average profit by doesing

all the relevant costs per unit time of the inveptaystem
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dis

= —(a+bt+ct+df) (A+BH), ti<ts T 7)

With the conditiond (t) =0, at t=¢

Therefore,
l:=Aa (tz-t)+(§ + %) (- 1) +(§ + Bg—b) (> 1) + (%%)
(L5 ) + 2 ) o 8)

The order quantity about replenishment cycle iggigs,

Q=11(0) +(0) - b (T) =[atb (&) +c (47~ 7 +2)+d

(4 25 45 ] ef +fa -2 +5 -5 1 —[Aa (b
THG +3) (B TG+ (6 T+ ) (
P R G ) IR 9)
The maximum inventory level per cycle is,
S=k(0)+k(0)
_ 1 2 4t 6 3 9% 36t; 60 Bt
= —[a+b (§-2) + -2+ 2 )+ L R +
e (i) o (- )0 (6 Dl e 4]
Cc
st = e ——] O e
a-z+g 63] (10)
Holding cost per cycle in RW,
t1 60d 6 b 12 13 4
Cmd:fo hzzh dt3 = (?’F +B_Zz -5 Eaztl*'?zj“}sz;) + (b';c
+5) @b ren) + () (B by, +ozg) e Pu (-
60d 6c b 4c 36d 9d a
= += - I+ = £+ -= -2
R e L
e Ptithy(— ﬁ)_ %(e_ﬁtl - 1)- %(tl e Pt +
2%(tle‘ﬁt1)+2 %(e‘ﬁti S §) F— (11)
Holding cost per cycle in OW,
Chiy Zfotl h1l; dt +f:h112 dt
b _ b — 22 -
= 2T (emt) - l(lre ) keql- e F -
2t _ 2 -
?ze Bta —ﬁ(l-e Pt2)] e (12)
Total holding costCh =Ciy+Chy wvvvvvevereeennnn. (13)
Ordering cost €’
Backorder cost per cycle,
SC=-C, ftZ(A + BO)dt=—C,[ (T — t,) A+B
Tz—fzz
) TR (14)
Opportunity cost, OC = RT(—t,)[1-A4 —g(T + t,)]
....................... (15)
Purchase cost per cycle, PC =CQ.............. ) (16

Sales revenue per cycle,
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SR = p [[*(a+bt+ct? +de®)dt +[) (a+bt+ct? +
dt3(A+BOM]  =p(at2+bzzrtcBsrdizty)  +p[Aa(T-

t)+(@B+bA) £ -2 )+pBrAC)E -2 ) +BerAd) L -
2 e B - 2] (17)
: S

Total profit per unit is,

X = 1 [SR-OC-C+-OC-SC-PC]
= % { p(a; + btiz+0%3+dti—4) +p[Aa(T-t)+(aB+bA) G %

ty t2*

)+(bB+Ac)(T3—3 T ) +(Bc+Ad)(T4—4 -2 Bd(%s f? )N -
C—

60d 6¢c b ti? 13 4c 36d
_— +— - — + +C—)- -— +—
(a-=— *& 5 (@b ter)- (-0 )
od  6¢c

z t3 t _ _% 23 tt t1® -Bt _6_
(@ +by+C)-(c) (@ -+ +er) +e PR(a 1
b 4c
-+ (b-=

B) ( B

36d 9d a _pt tre Pty by gy
+—)+ (c— - = 1— S 1—1)-
5 5 et = bR e - )
(e Ft) + 22 (he P2 (e Pt - 1))

Tz—t 2 B
HC[(T - t)AMB(—2)] - RO —t)[1—A—2(T+
1 4t 6 9,2 36t 60
EIFCIHab () +¢ (- T+ 2 )+d(u™ 2+ S
eBtiy
[a -2 +2 -*51-Cq —ClAa(ET)*+ T 5T+ T t-
TP (5 T T T S T+t T+
T o N S (L8
X _ X _~. 9%x %X _ ~ 92X 9°Xx %X |5
Now, 2°=0, 5.=0: 520, 32°05 =257 -Gap
<0

Numerical Illustration

Case: With shortage
g=100,a=2,b=4,c=4,d=6+0.05$=0.035,C=10,C’'=90,p
=21,A=5,B=6t,C,=3,R=16 in proper appropriate units,
then total profit is139309.65%

Case: Without shortage
g=100,a=2,b=4,c=4,d=6+0.05$=0.035,C=10,C’=90,p
=21,A=5,B=6t in proper appropriate units, then ltota
profit is

140000%

V. CONCLUSION

In this paper, a two warehouse inventory model
developed considering demand as cubic functiorinoé t,
holding cost is taken to be quadratic functioniofett and
variable linear backlogging rate. The deteriorafiactor is
taken in to consideration here as almost all thadycts
will undergo decay in the course of time due défer
factors and different preserving facilities in bothe
warehouses. Also it is assumed that preservinditiacif
RW is better than in OW. Here demand is completiehg
dependent. The comparative study between the sesilt
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with shortage and without shortage case is alse thene. A
numerical illustration is there to understand thedsi
approximately. It also shows that profit in casewdthout
shortage case is higher than that of with shortage. The
effect of changes of parameters can also be studied
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